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Abstract In this paper, we give a comprehensive error analysis for an ap-
proximate solution method for the generalized eigenvalue problems arising for
instance in the context of electronic structure computations based on den-
sity functional theory. The solution method has been demonstrated to excel
as compared to established solvers in both computational effort and scaling
for parallelization. Here we estimate the improvement provided by our pro-
posed subspace method starting from the initial approximations for instance
provided in the course of the self-consistent field iteration, showing that in gen-
eral the approximation quality is improved by our method to yield sufficiently
accurate eigenvalues.
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1 Introduction

In this paper, we discuss an approximate numerical solution method for the
generalized eigenvalue problems which arise in each step of the fixed point
iteration (commonly referred to as the self-consistent field (SCF) cycle) em-
ployed for the solution of the Kohn—Sham equations [10] of density functional
theory [8] in large scale electronic structure computations [15,19,20].
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After discretization by augmented plane waves plus local orbitals [3,4,16]
this implies the solution of large generalized eigenproblems with symmetric
matrices. For most applications not all eigenvalues need to be computed,
but commonly only the lowest 3-10% of these are needed. This suggests the
use of an iterative subspace method for the approximation of the eigenvalues
and eigenvectors, which only computes a fraction of the eigensystem which is
of practical relevance. The algorithm discussed here was implemented in the
WIEN2k code [4] and found to outperform previous solution methods in both
computational effort and parallelization, see [2].

The iterative method for the diagonalization of generalized eigenproblems
implemented formerly in the WIEN2k code was a blocked version of the David-
son method [5,6] which was introduced in [21]. Iterative methods for the prob-
lem at hand are also discussed in [1,11-13,17,24,27]:

In [27], the method of RMM-DIIS (residual minimization/direct inversion
in the iterative subspace) is proposed and compared with the Davidson and
Block Davidson methods. The latter has the disadvantage that the doubling
in the dimension of the search space is prohibitive for large initial subspaces.
Therefore the RMM-DIIS method is claimed to have the advantage that only
matrices of the size of the number of previous iteration steps are necessary.
However, in its original version the method is fundamentally sequential in na-
ture which the authors recognize as a major drawback [27], and which in the
light of the development of parallel and grid-enabled versions of the WIEN2k
code makes this approximate diagonalization unattractive. Recently, a refor-
mulation of RMM-DIIS [18] has brought this method into the scope for a
parallel implementation, however. Another interesting approach was put for-
ward in [26] where preconditioners similar to ours (based on approximations
to the inverse of (H — \S)) were tested. However, these methods are designed
for sparse matrices.

A comparison with several other methods shows that (disregarding com-
putational cost) the block Davidson method displays the best improvement in
accuracy per iteration step due to the doubling of the search space [27]. Our
aim is to avoid this doubling of the subspace.

Ref. [24] gives an overview of the state of the art of iterative diagonalization
at that time, and demonstrates that a new preconditioned conjugate gradient
method compares most favorably with conjugate gradients, steepest descent
and imaginary time propagation. The VASP code [13], which is a highly ef-
ficient plane wave pseudopotential code, uses the RMM-DIIS method of [27]
in a variant proposed in [17]. They claim this method to be superior for very
large problems [11] if an unblocked, band-by-band iteration is used.

In more recent work, other subspace methods are put forward. [29] gives
a method where subspace doubling is required only in the first step of the
iterative solution and where parallelization is based on a decomposition of the
physical domain. Since our method has a more general scope and only uses one
iteration step, we do not consider this alternative. In [7] a variant of the power
method realized in a subspace is introduced which does not offer the safeguard
of working in a larger subspace and whose parallelization is not discussed.



In the present paper, we consider a blocked subspace method which is
motivated by the code structure of WIEN2k and parallelization issues [2]. Both
aspects suggest to refrain from a sequential “band-by—band” computation.

Our approximate diagonalization is motivated by the fact that the David-
son method previously implemented in the WIEN2k code [21] was recognized
as unsatisfactory when the basis set was changed from the standard LAPW
to the APW+lo basis set [16]. Apparently, the underlying discretization, the
importance of non-diagonal terms (the local orbital contribution to the plane
wave basis) and the adaptive basis set (the basis set changes slightly in the
course of the SCF cycle) renders the preconditioning with only the diagonal
elements diag ™' [H — AS] inefficient. Our new method is motivated by the im-
provements promised by the Jacobi-Davidson method [22,23,25] as compared
to the original Davidson method [6]. However, application of the subspace
expansion from the Jacobi-Davidson method seems prohibitively expensive,
hence we propose a simplification which uses an approximate computation of
the subspace expansion related to an iterative solution of the associated linear
system of equations. Furthermore, it was demonstrated in [2] that our method
is superior to full diagonalization in efficiency and scales very well in a par-
allel implementation. We stress that the success of the method is linked to
the structure of the problem considered. While the accuracy and efficiency is
excellent for the problems solved in the WIEN2k code [2], we do not claim
that it will excel for problems from other applications and thus does not nec-
essarily represent a general purpose method. However, the present paper gives
a general statement on the error behavior in Theorem 1 which is independent
of the application problem.

In the course of the SCF iteration, good initial guesses are available for
the approximation of the eigensystem of the generalized eigenvalue problems,
since the problem data only changes moderately in the course of the iteration.
Thus, in each iteration step it is sufficient to improve the numerical solution
to an extent such that the required accuracy is achieved. In this paper, we are
going to estimate the factor by which the approximation is improved by the
update defined by our method. Numerical experiments show that indeed the
bounds are sharp.

The outline of the paper is as follows: We introduce our subspace method
to improve an initial approximation to the solution of a generalized eigenvalue
problem in Section 2. In Section 3 we give the results of our error analysis,
which estimate the factor by which the error of the initial approximation
is reduced by applying one step of our method. Section 4 gives numerical
experiments, showing that our error bounds are sharp and that the results also
pertain to eigenvalue problems from real life applications. Finally, Appendix A
contains the technical proof details of our main theorem from Section 3.



2 The Approximation Algorithm

We want to compute approximations to eigenvectors corresponding to the m
lowest eigenvalues of the generalized eigenproblem

HX = SXA, (1)

where the Hamiltonian matric H € C**™ is Hermitian (but not necessarily
positive definite), the overlap matriz S € C"*™ is Hermitian and positive
definite, and A is a diagonal matrix containing the (real!) eigenvalues. First,
we specify the algorithm employed in the computation of the eigensystem.
We consider only the real case (H,S € R™*™ symmetric) for simplicity. The
adaptation of the algorithm and the analysis for the complex case is straight-
forward.

— Input:
Y = [yh R ,ym] € Rnxm.

Usually these are approximations to eigenvectors which were computed in
the last SCF cycle.
— Compute the Ritz values (Rayleigh quotients)

-y Hy;
T ylSy;’

j=1,...,m. (2)

— Set up the search space [Y Z] € R"*?™ with
z; = H ' (H —9;8)y;, j=1,...,m. (3)

— Set up the reduced problem

HV =SVT, (4)
where
~ YTHY YTHZ
_ T _
and

(6)

SD’ZFSDfZ]{YTSY}JSZ].

AN QAN VA
— Compute eigenvectors V7., of (4) corresponding to the lowest m eigenvalues
v < -+ < 7y, using, e.g., appropriate routines from LAPACK. We may

assume that Vi.,, is orthonormal with respect to S, i.e., VEmSVLm =I.
— Compute new approximations

Ynew = [Y Z]Vlzm (7)

to the eigenvectors of (1).



For practical computations, we have to take the possibility into account
that in (4) the matrices H, S are (nearly) singular, so that the reduced eigen-
problem (4) admits no unique solution. For example this happens if some of
the initial guesses y; (almost) coincide with the corresponding exact eigen-
vectors of (1), so that the corresponding vectors z; are (almost) zero. Our
work-around is that if z; ~ 0 (a condition which is of course easy to check) we
simply delete the corresponding columns y;, z; in Y and Z, respectively (and
take y; as the computed result for the j-th eigenvector). It is very unlikely that
the set of columns of [V Z] is linearly dependent other than by the vanishing
of some column z;. We exclude the pathological cases in our analysis and will
always assume that [Y Z] has full rank 2m. Furthermore, we omit the case of
multiple or vanishing eigenvalues for simplicity of the analysis.

The algorithm described above is designed to replace the Davidson method
[6] employed previously [21], where (3) is replaced by

zj = diag”™ " (H —9;8)(H — 9;S)y;, j=1,...,m. (8)

3 The Main Result

Let X € R™™ and A = diag(\1,...,\,) with Ay < --- < A, be an exact
solution of (1). Due to the structure of (1), the columns of X are orthogonal
with respect to S, and without restriction of generality we may assume

XTSX =1, 9)

where I,, denotes the n x n identity matrix. Clearly for (3) to be well-defined,
we have to assume that H is non-singular, or equivalently that all eigenval-
ues A; are non-zero. For the analysis we further assume that all “discarded”
eigenvalues are greater than zero,

0 < Amg1 < - < A,
and that the moduli of the remaining eigenvalues are smaller than A, 11,
A1 <A1 << A < A

These properties can always be enforced by changing the system matrix H —
H++~S, with suitable v € R (this shifts the eigenvalues, but leaves the eigenvec-
tors unaltered). Note that if all eigenvalues \; are distinct, then X is uniquely
determined up to multiplication from the right by a diagonal matrix with en-
tries =1. At one point in the following analysis we will have to assume in
addition to the eigenvalues being distinct that these are even well separated.
More precisely, if O(e) is the order of the error AY of the given approximate
solution

Y = Xl:m + A}/a (10)
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Fig. 1 Bounds for the convergence rates || Aynew,jll x7 /11 A¥;|| xT g as given by Theorem 1,
egs. (14) (solid line) and (15) (for the special case m = 1, dashed line).

where X7.,, is the matrix of the first m columns of X, such that AY can be
represented in the basis X as

AY =eXD, D=0(1), D e R™™,

then
)‘j—ﬁ-l*)‘j = O(l), j:].,...,nf].. (11)

This assumption is always valid if the SCF iteration is sufficiently converged
such that e is small.
The error of the new approximation

Yoew = Xiin + AYhew (12)
is analogously represented as
AYnew = €XDpew- (13)

Our goal is to derive bounds for ||dnew, ;|| in terms of ||d;|| where dpeyw,; and
dj (j = 1,...,m) denote (the relevant parts® of) the columns of Dyey and
D, respectively. Then, bounds for the new error | Aynew ;|| xrs in terms of the
old error ||Ay;||xrs in the norm | - || x5 defined by |jul|xrs = | XTSul =
| X~1u|| follow immediately. Here and throughout the paper, || - || denotes
the Euclidean norm for vectors and the spectral norm for matrices. Our main
result is summarized by the following theorem, whose lengthy and technical
proof is relegated to Appendix A.

Theorem 1 The error of the new approzimation to the j-th eigenvector can
be estimated in terms of the error of the old approximation by

o2 1Ay llxrs + O() for Aj/Ami1 < 2V2 =2,

Am+41

HAynew,jHXTS < 12— /Ama1)? 9
zﬁ”ﬂyﬂxw +O(e?) for Aj/Ami1 > 2v/2 =2,
(14)

L Refer to the definitions of kj = dpew,j and d; in Section A.2 of the Appendix.



j=1,...,m. In the special case m =1 it holds
A 2
[ Aynew1llx7s < TznAylHXTS +0(e7) (15)

even for A\1/Xa > 2/2 — 2.

By dividing the bounds from the theorem by ||Ay;|| xrs we obtain bounds (up
to terms of order O(g)) for the convergence rates ||Aynew,jllx7s/|AY;llx7s
which depend only on A;/A;,+1. These bounds are plotted in Figure 1.

In Section 4.1 below we are going to demonstrate that these bounds are
sharp, i.e. the bend in the curve (14) is indeed observed in some problems.

4 Numerical Examples
4.1 Example 1

We show how an artificial example can be contructed such that the observed
convergence rates corresponding to all eigenvalues \; satisfying —1 < X; /Ap41 <
2v/2 -2, j = 1,...,m uniformly approach the bound (14) of Theorem 1. This
illustrates the sharpness of this bound, and even its optimality in the following
sense: For —1 < A;j/Amy1 < 2v/2 — 2 it is the best possible under all bounds
only depending on A; and Ay4q.

We choose m = 100 and n = 3m. We fix the first m eigenvalues A1, ..., Ay, €
(—1,1) ~ {0} arbitrarily, the next m eigenvalues Ay, y1, ..., Aam > 1 very close
to 1, and the last m eigenvalues Aopyy1,-. ., Asm very large. Concretely, we
choose A1, ..., Ay, evenly spaced in [—0.99,0.99],

2(j — 1
Aj:—o.99+b, j=1,....m,
m

and the other eigenvalues as
)‘m+j:1+.j617 j=1...,m With51=1075

and
Nomtj =305, j=1,...,m with dy = 107",

For the matrix X of exact eigenvectors we choose a perturbed unit matrix

I, O 0
X = 0 al,, Bl with d3 = 10_47 a=+/1— 5%, B8 = 63,
0 —pI,, al,

which is orthogonal by construction. The data matrices H, S in (1) are then
defined as

H = Xdiag(A1, ..., A3m) XL, S =Is,.
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Fig. 2 Numerically observed convergence rates ||Aynew,jllxTg/||Ay;llxTg of Example 1
(dots) and of Example 2 (stars) Also shown is the bound for the convergence rates given by
Theorem 1, eq. (14) (line).

For the initial approximations ¥ = [y1,...,¥m] to the exact eigenvectors
X1:m = [21,...,Tm] we choose
0
Y = Xyan+¢ | I, | withe =103,
0

where both zero sub-matrices are € R"*™  so that clearly
errj =|ly; — x5l =, j=1,...,m.

The parameters 01, d2, 03, have to be carefully chosen (i.e., chosen not too
small) to avoid numerical difficulties like cancellation or overflow. Furthermore,
to make sure that the matrix H is not numerically singular the eigenvalues
should not be chosen too close to zero, which for our evenly spaced eigenvalues
would be the case if m were odd or too large. With our particular setting of
the parameters everything works fine using MATLAB on standard hardware.
Our algorithm computes new approximations Yiew = [Unew,1;- - - Ynew,m) tO
the eigenvectors with errors

ETTnew,j = ||ynew,j - (ix])Hv J = 1; ceem,

where the factor £1 selects the eigenvector such that yyew,; shows the smaller
error. The numerically observed convergence rates errnew,;/errj, j =1,...,m
are plotted in Figure 2. Note that for this example the bound given by Theo-
rem 1, eq. (14) is uniformly very sharp as long as \; /Ap41 < 2v/2—2 = 0.8284.

4.2 Example 2

We construct an example where for the eigenvector corresponding to an eigen-
value A\; with —1 < Aj /A 41 < 1 our algorithm yields a convergence rate > 1.
Thus, this example illustrates that in fact the error may increase for certain
pathological problem data and hence our estimate in Theorem 1 is sharp also



in such a situation. In practical computations, see for example [2], such a be-
havior has never been encountered, however. We set n = 5, m = 2, i.e., the
dimensions as small as possible (because for m = 1 Theorem 1, eq. (15) would
guarantee a convergence rate < 1).

We choose

H = diag(A1, A2, A3, Ag, A5) = diag(0.5,0.915,1,1.5,10000), S = Is.
Note that Ay/A3 > 0.9126 > 2v/2 —2 = 0.8284, where z = 0.9126 is a solution

2
of i(?/% = 1 such that the second branch in the piecewise-defined estimate
(14) applies, and such that (14) does not exclude a convergence rate > 1,
i.e., an increase in the approximation error. The exact eigenvectors are the

canonical unit vectors,

X - [mla T2,X3,T4, 175] = I5'
As the initial approximations to the eigenvectors x1, o we choose
1.000000000000000 0.000000000000000
0.000000000000000 1.000000000000000
Y = [y1, 2] = 0.000613604339291 0.000624080400796 | ,

—0.000083591341207 0.000780017095933
0.000014803795114 0.000045792831252

such that the errors of these approximations are
erry = |ly1 — 1| ~ 6.194 - 1074,
errg = ||ya — 2| &~ 1.0 - 1073,
respectively. For this data our algorithm computes new approximations

0.999999992092387 —0.000000050401176
—0.000000161788990 —0.999999497314401
Yiew = [Ynew,1s Unew,2] = 0.000091632309098 —0.000967246231786 | ,
0.000086131966404 —0.000264207603769
—0.000000062534618  0.000000112221290

to the eigenvectors with errors
E€TTnew,1 = ||ynew,1 - le ~ 1.258 - 10_4,
errnew,2 = |[Ynew,2 — (—2)|| = 1.00268 - 1073,

Note that here Ypnew,2 is an approximation to —z4, but the (real) normed eigen-
vectors of H are defined only up to a factor +1 anyway. For the convergence
rates we obtain

TTnewl 0903 < 2L — 0.5,
erry A3
new 1(2 = Xa/X3)2
rhew2 1 o268 < L 2= A2/ M) 1.00946,
erry 4.\/1—X2/)3

i.e., for the second eigenvector a convergence rate > 1 with a very sharp bound
(14). These convergence rates are plotted in Figure 2.
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4.3 Example 3

We consider a nonlinear eigenvalue problem of the form
H(X)X = XA, (16)

where X € R™*™, XTX = I,,, H(X) € R"*" is a symmetric matrix depend-
ing on X, and A,, € R™*™ is a diagonal matrix containing the m smallest
eigenvalues of H(X). The (discretized) Hartree-Fock and Kohn-Sham equa-
tions in electronic structure calculations are essentially of this type. Following
[28] we consider a simplified version of these equations?. The dependency of
H(X) on X is expressed through the vector

p(X) = diag(XXT) ¢ R" (17)

containing the diagonal elements of the matrix X X*', which in electronic struc-
ture calculations would correspond to the charge density of electrons. Then
H(X) is defined by

H(X) = L+ adiag(L™*p(X)), (18)

where o € R and L € R™*™ denotes a discrete version of the Laplace operator.

For the numerical solution of the nonlinear eigenvalue problem (16)—(18)
we apply a version of the self-consistent field (SCF) iteration, which is given
by the following algorithm:

Input: An initial guess X satisfying (XO)TX©) =1,
for the solution X of (16);
Output: Numerical solution X of (16);
for [ =1,2,... until convergence do
Construct H® = H(X(=Y) according to (17), (18);
Solve the linear eigenproblem H® X = X(l)/lg,l,) such that
(XOTXW =T, and ALY contains the m smallest eigenvalues of H®);
end do
Set X = the last computed X®);

We refer to this procedure as the “SCF iteration with full diagonalization”
to distinguish it from the following variant referred to as “SCF iteration with
approximate diagonalization (3)”, where the respective linear eigenproblems

HOxO — X(I)AgL) (19)

are solved only approximately by employing our algorithm described in Sec-
tion 2. Here, the approximation X~ computed in the previous iteration
step is used for the old approximation to the eigenvectors required by this

2 Our method’s performance for realistic applications in electronic structure computations
is thoroughly discussed in [2].
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Fig. 3 Residual versus cumulative computing time for the SCF iteration with full () and
approximate (+) diagonalization; Davidson variant (X).

algorithm. However, in the first iteration step (I = 1) a reasonably good ap-
proximation X (9 is usually not available. Consequently, for I = 1 we compute
the full solution X of (19) and apply the approximate procedure only for
1>2.

As a third algorithm in this comparison we use the Davidson method [6]
which was originally implemented in the WIEN2k code, see (8).

Figure 3 illustrates a typical progress of the SCF iteration with both full
and approximate diagonalization. Here we choose n = 1000, m = 30, a = 0.1,
and for L the discrete 1D-Laplace operator on [0, 10] with Dirichlet boundary
conditions, i.e.,

2 -1
-1 2 -1
1 10
L:ﬁ ERTLX", Whereh:;.
-1 2 -1
-1 2
For the initial guess we choose X = [I,, 0|7 with the zero matrix 0 €

R™*(n=m) The figure shows the maximum norm (the maximum of absolute

values over all entries) of the residual H(X(l))X(l) — X(Z)As,ll) versus the cu-
mulative computing time for the first 5 (full diagonalization) respectively 39
(approximate diagonalization) SCF iteration steps. Here only the qualitative
picture is of relevance, not the particular timing of our MATLAB implemen-
tation on current standard hardware. We observe that in this example the
improvement per iteration step is significantly better for the SCF iteration
with full diagonalization, but, more importantly, as long as only moderate
precision is required, the total improvement until a certain cumulated com-
puting time is significantly better for the variant with our new approximate
diagonalization, although more iteration steps are possibly necessary. This is
due to the fact that the cost of one SCF iteration step with approximate di-
agonalization is dominated by the Cholesky decomposition of H® needed for
(3), which is much cheaper than a full solution of (19), which dominates the
cost of one SCF iteration step with full diagonalization. Moreover, we observe
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that the classical Davidson method does not provide a sufficiently accurate
approximation even in this simple example.

5 Conclusions

In this paper, we have analyzed a subspace method applicable for the approxi-
mate solution of generalized eigenvalue problems in linear algebra as they arise
for instance in large—scale DF'T computations of electronic structure, where
the subspace is expanded based on a new preconditioner. We have derived es-
timates of the improvement achieved by our method starting from a suitable
initial approximation. Numerical examples show that the estimates we derived
are sharp and also apply in realistic examples from applications.
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A Proof of Theorem 1

In this Appendix we give the proof of Theorem 1. First, in Subsection A.1 we characterize
Dnew from (13) as the solution of a certain Sylvester equation. Then, in Subsection A.2 we
derive an explicit representation of the solution of this equation. The proof of Theorem 1 is
thus reduced to the derivation of bounds for this solution, which we state as Proposition 3
and prove for the special case m = 1 in Subsection A.3 and for the special case n = 2m+1 in
Subsection A.4. Finally, in Subsection A.5 we show that the general case can be reduced to
the latter special one, which completes the proof of Proposition 3 and thus also of Theorem 1.

A.1 Characterization of Dyey as the Solution of a Sylvester Equation

Proposition 1 Let

D1 A1 O S 1
p=[2] a=[H 0] beearoan -

with D1 € RMX™ | Dy € RM=m)Xm A ¢ RMX™ Ay € RV=mIX(n=m) | Let P denote the
orthogonal projection of R*~™ onto the subspace spanned by the columns of Do — D2, i.e.,

PT =P, P? = P, P(Dy—D3) = Dy~ Do.
Then for Dnew given in (13),

Dnew = | ] + 06, (21)

holds, where 0 € R™X™ gnd K € R(n=m)Xm 45 the unique solution of the Sylvester equation

PASK — KA1 + (In_m — P)Dg/h = 0. (22)
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The proof of the proposition is constituted by the following consecutive substeps.

Step 1 The Ritz values (2) satisfy
95 = Aj + O(?), ji=1,...,m.
Proof
_ Y Hyi (@54 Ayy)T (VS + HAy;)
y; Sy, (z; + Ay;)T (Sz; + SAy;)
)\jx?SaS]‘ + )\jAyJTSZ‘j + x?Hij + 0(82)
m?Smj + Ay]Tij + szij + O(g?)

Aj(1+ 2a;) + O(e?) 9
- = X\ +O(e?).
14 2a; + O(e?) i +OE7)

Here we used o := :):JTSij and :):JTHij = )\jm;fSij, and noted (9). O

Step 2 The representation of Z from (3) in the basis X satisfies
Z =eX(D— D)+ 0(?) with D:=A"1DA;.
Proof
zj = H™'(H —9;5)y;
yj —9;H ' Sy;
z; + Ay; — \j(H 'Sz + H 1S Ay;) + O(e?)

1
z; + Ay; — /\j(rfj + H™'SAy;) + 0(e?)
J

Ayj — N\ H 1S Ay; + O(e?)
e(Xdj — \;H™1SXd;) + O(e?)
e(Xdj — N\ XA7d) 4+ O(e2).

Here, d; are the columns of D. 0O

Step 3 Let
U:=X"1y 2.

Then the matrices H and S from (5) and (6) can be written as
H=U"AU and S=U"U
and it holds
U= [Inm+eD, &(D—D)]+0(?), D:=A"1DA;.
Here I m € R™"™™ consists of the first m columns of I,.
Proof From XTHX = XTSXA = A (cf. (1) and (9)) it follows
H=[Y 21TH[Y 21 =UTXTHXU =UT AU

and
S=[v z]Ts|y z|=UTxTsxu =UTU.
(25) is a consequence of Y = X (In,m +€eD) and (23). O

(23)

(24)

(25)
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Next, we solve the reduced eigenproblem (4) by transforming it to an eigenproblem in
standard form. We achieve this by a suitable factorization of the matrix U in (24). Note
that U = X[V Z] has full rank 2m by assumption (cf. the end of Section 2).

Step 4 Let the columns of Q € R™"*2™ form an orthonormal basis of the subspace spanned
by the columns of U, i.e.,
QTQ=1Iyn and U=Qd (26)

for an invertible coordinate transformation matric & € RZ™X2M_ Pyrther let 21.m €
R2mX™  consist of orthonormal eigenvectors corresponding to the m lowest eigenvalues
v1 < -+ < v of the symmetric eigenproblem (in standard form)

QTAQR = or. (27)
Then there is a solution Vi.m of (4) such that Ynew defined by (7) satisfies
Ynew = XQ21.m.- (28)
Proof Let
Vien = 71 Q211m.

Then the columns of V1., are orthonormal with respect to S ,

Vl?rrLgvlim = ‘Q%ﬂ:'méiT‘g@ilQl:m
=0, TUT U™ 21
= QlT QTQQI:m = Q?m()lm = Imy

m
and it holds

HVion = UTAUS ™ 21.m = 97 QT AQQ1i = T 1. I
=TV = T QTQIVI .o I = UTUVLpu I
= SVi.mI.

So Vi.m is a solution of (4) and it holds

Ynew = [Y Z]Vlzm - XU@ilWl:m = XQWIm

Let us stress that in (26) U = Q% holds exactly (and not just up to terms of order
O(£?)). In the previous proof all calculations are exact and thus (28) holds exactly, too.
Note that the fact that the entries of the matrix #~1 are possibly unbounded for ¢ — 0
does not affect the arguments.

An orthonormal basis @ of U can be obtained by computing a QR-decomposition of
U. However, to obtain an orthonormal basis with more favorable properties for the further
analysis, we first perform some elementary column transformations on U, then compute the
QR-decomposition UJ = QR of the transformed matrix UJ, and finally set ® := RJ~! in
(26).

Step 5 There exists J € R2™X2™ with J = O(1) and J~! = O(1) such that

Im 0

vJ = €Dy e(Dg — ﬁz)

+0(e?). (29)

Here Do and Dy = A;lDz/ll are defined as in (20).
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Proof Using (25) it is easily verified that (29) holds for

J._ [Im —eD1 —e(D1— D)
' 0 I
and, consequently,
1 _ | Im+eDy €(D1 7151) 2
Jt = { 0 I, + 0(e?),

where Dl = A;lDlAl. O

Step 6 For UJ a QR-decomposition
UJ=QR (30)

(where Q € R**2™ satisfies QTQ = Inm and R € RZ™X2™ s an upper triangular matriz)
can be chosen such that Q is of the form

I + 0(62% Q12 + O(e?)

@ = eQ21 +0(e*) Q22+0() |- (31)

Here Q12 € R™*™ Qg1 € R(PV="m)Xm and Qog € R(M=)XM gre of order O(1) and satisfy

Q21 = Da, (32)
Q12 = —Q%,Q22, (33)
Q3:Qa2 = Im, (34)
Q22Q%, = P, (35)

where P is the orthogonal projection onto Dy — ﬁg,
Proof Q is of the form

0. +eQl +0(e?) QY +eQiz + O(e?)

Q= QY; +eQ21 + O(e?) Q22 + O(e)

We want to show that Q(1)2 =0, le =0, Qh =0, and Q(l)l = I Let

| R11 Ri2
pe [ )

By comparing the lower left blocks in

Im O

QR:UJ:{OO

] +0(e)

(cf. (29)) up to terms of order O(1), we obtain Q9, R11 = 0, so Q9, = 0, because Ri; is
non-singular. Then the upper left blocks in QT Q = I2,,, and QR = UJ give respectively

T
Qh QY =1Im (36)
and I = (Q9; +eQ1;)R11 + O(g?), thus Q}; = 0 and
QY1 R11 = Im.
Rj1 is an upper triangular matrix, so Q?l = R1_11 is also upper triangular. On the other

hand, (Q(I)I)T = (Q(l)l)’1 = Ri1, so Q(l)l is both upper and lower triangular, i.e., Q(l)l is
a diagonal matrix with £1 elements as follows from (36). So for some choice of the QR
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decomposition (30) it holds Q9; = Ip,. Finally, @}, = 0 now follows from comparing the
right upper blocks in QTQ = Ia,.

The identities (33) and (34) follow from (31) by evaluating QT Q = Iy, up to terms of
order O(e).

Now, by comparing the upper left blocks in QR = UJ up to terms of order O(1)
we obtain (I, + 0(62))R11 = I 4+ O(e) and thus Ri11 = I + O(e). Substituting this into
€Q21R11 = £D2 + O(£?) (the lower left block of QR = UJ up to terms of order O(g)) we
obtain (32).

Similarly, comparing the upper right blocks in QR = UJ up to terms of order O(1)
yields (I, + O(e?))R12 = O(e) and thus Ri2 = O(g). Substituting this and Qa1 = D2 into
€Q21R12 + Q22Ro2 = (D2 — 152) + O(e?) (the lower right block of QR = UJ) we see from
(34) that Q22R22 can be chosen as a QR-decomposition of e(Da — 152) From this it follows
that P := ngQgQ is the orthogonal projection onto D2 — Dy. O

Step 7 The eigenvector matriz £2 € R2™X2™ jn (27) with Q defined in (30) can be chosen

in the form
Im +O(e2) e12 +O(e?)

=
€21 + O(e2) $222+0(e) |’ (37)
where 212 € R™*™ (51 € RMX™ | and (222 € R™*™ are of order O(1) and satisfy
Q19 = —023, 290, (38)
Qo1 = —2020F,, (39)
0L Q00 = 2020F, = I,,. (40)

Proof From (31) it follows

_ [A+0() 0(e)
QTAQ*[ () Q§2A2Q22+0(e>]'

1 0 I, 0O
0 QT,12Q2 0 292
well-conditioning of the symmetric eigenproblem under the assumption (11) that the matrix

L . . I + O(e) O(e) .
T m
{2 consisting of the eigenvectors of Q* AQ is of the form [ 0(e) D22+ 0(e) |’ ie.,

Since the eigenvectors of { } have the form { ], it follows from the

0 — [Im+eG+ O(e?) ef12 + O(?)
T e2140(E%)  222+0() |-

Here G is antisymmetric, GT = —G, and equations (38), (39), and (40) hold, which follows

from the evaluation of 272 = Iy, and 2027 = Iy, up to terms of order O(e). We now
show that actually G = 0. With

Im +eG +0(?)  efha+eQiaflan + 0(52)} (41)

Qe = [€Q21 + £Q226221 + O(£?) Q220222 + O(¢)
the upper left block in 2TQT AQ = I' evaluated up to terms of order O(e) gives
A1 +eGT AL +eGAy 4+ 0(?) = Ty,
and the antisymmetry of G shows that G and A; commute,
GAl = MG,

From this G = 0 follows by an application of the following Lemma 1. O
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Lemma 1 Let A € R"*" be antisymmetric,
AT = A,
and let A = diag(A1, ..., An) with distinct \j. If A and A commute,
; (42)

then
A = 0. (43)

The lemma is proven by induction on n. O
Finally, we can give the proof of Proposition 1.

Step 8 (Proof of Proposition 1). Let
K = Q21+ Q22W21 = D2+ Q22Wa1.

Then

Dnew — [[0(] +0(e)

follows from (12), (13), (28), and (41). We have to show that K solves the Sylvester equation
PAsK — KAy + (In—m — P)DaA; = 0.
Comparison of the upper right blocks in WT QT AQW = I' up to terms of order O(g) yields
(Wi + WHQT) A1 + WHQ5HA2K = 0.
With W = —-WEL W, and QT, = —Q1,Q21 (cf. Steps 6 and 7) it follows
(—WaaWa1 — W35Q35Q21) A1 + W3hQia A2 K = 0.
Multiplication with Q22Wao from the left using Woo W, = I, Q22Q%, = P, and Q21 = Do

gives
(—Q22Wa1 — PD2)A1 + PA2 K = 0

or
(—Q22Wa1 — D2) A1 + PAsK = (PDg — D2)A;.
| S —

=——K
It remains to prove uniqueness of the solution K. Generally, a Sylvester equation
AX+XB+C =0

has a unique solution, if and only if

a+B8 #0

for all eigenvalues o of A and all eigenvalues 3 of B. Now observe that the eigenvalues of
—Aq are —A1,...,—Amp and all non-zero eigenvalues of PAs are > Ap,41, see Lemma 2
below. Thus the uniqueness of K follows from the assumption that the A; are non-zero and
distinct. O

Lemma 2 Let P € R"*"™ be an orthogonal projection, i.e.,

PT = p P2 =P

)

and A = diag(A1,...,An) with A\j; € R and X\; > 0 for all j = 1,...,n. Then all non-zero
eigenvalues of PA are real and lie in the interval [minj Aj, max; A;].
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Proof If P = I, or P = 0 then the statement of the lemma clearly holds. So let P # I,, and
P # 0. Let v be a non-zero eigenvalue of PA with corresponding eigenvector . Then

1
PAx = vPxr and Px = —PAzx = xz,
Y

and thus

PTAPz = PAPz =z,
i.e., 7 is an eigenvalue of the symmetric matrix PT AP and it follows v € R. Moreover v > 0
since PT AP is positive semidefinite and + was assumed to be non-zero. It remains to prove
that all non-zero eigenvalues of PT AP are in the interval [minj Aj, max; A;].

Since P # 0, I,, P is a projection onto a proper subspace of R” and thus P and PT AP
are singular. Tt follows that 0 is the smallest eigenvalue of PTAP. Let N be the null-space
of P, i.e, the eigenspace corresponding to the smallest eigenvalue 0. Let 2 be the smallest
non-zero eigenvalue of P” AP. Then

. zT PT APz
Y2 = max min —_—
YEN 20, yTa=0 Tz

by the min-max principle for eigenvalues of symmetric matrices. Since N'LP(R™), it holds
yT Pz =0 for all  and all y € AV, and thus
2T PT APz . T Az T Az

Yo > min _— = min > min = min \j.
#0, =Pz zTx z#0, z=Pz xT 1 z£0 Tz j=1,...,n 7

Finally, for the largest eigenvalue ymax of PT AP we obtain

T Az zT Nx
max < max = max \j.
z#0, e=Px xTx z£0 xTx j=1,...,n

Ymax =

[m]
Remark. From (13) and (21) we obtain
AYnew = 5Xm+1:nK+O(52)- (44)

Here it is quite remarkable that up to terms of order O(e?) the new error AYpew has no
components in the subspace spanned by the first m eigenvectors Xi.,,. It is another notable
fact, that up to terms of order O(¢2) the new error does not depend on components of the old
error in the X1.p,-subspace, since (22) depends only on D3 and not on D;. Consequently, it
is to be expected that in the first step the error will be reduced significantly if the algorithm
is applied in an iterative way, since the components in the space Xi.y, are annihilated by
the projection. Subsequent iteration steps will essentially operate in the X, 1.n-subspace
only, and the evolution of the error is described by the nonlinear operator D2 — K given in
Proposition 1.

A.2 Explicit Representation of Dpey

Next, we give an explicit representation of the solution K of the Sylvester equation (22)
which by (21) constitutes an explicit representation of Dnew up to terms of order O(¢). Let
dj and k; (j = 1,...,m) denote the j-th columns of D2 and K, respectively. Similarly, let

cij = )\jAgldj denote the j-th column of Ds.

Proposition 2 Let W € RM=m)Xm congist of orthonormal eigenvectors corresponding to
the non-zero eigenvalues Ym+1 < -+ < yam of the symmetric matric PAa P,

PAsPW = W, Ip=diag(ym+1,--->72m); (45)
where P denotes the projection onto Do — Dy as in Proposition 1. Then

kj=dj — W — M\jIn) " WT(d; —dj), j=1,...,m. (46)



19

Proof We have to verify that
PAskj — Njkj +Xj(In-m — P)d; =0, j=1,...,m,

cf. (22). This is done by a straightforward calculation using dAj = /\j/12_1dj7 P=wwT,
WT AoW = Iy, and P(d; — d;) = d; — dj:

Pk = Ajkj = (PAz = AjIn—m) (dj = X W (Is = X\ L) "W (d; — dj))

= )\dej — )\jdj — )\jWWTAQW(FQ — )\j[m)ile(dj — dAj)
FXIW (I — A I) W (dj — dj)
= N\jPdj — Njdj — \jW (I = ML) (T2 — A L) TTW T (dy — dj)
= \jPd; — A\jdj — \;P(d; — dj)
= AjPdj = Ajdj = A;(dj — dj)
= X(P = In—m)d;.
O

Note that up to terms of order O(e) the j-th column of Dnew has the form [ko, ] and depends
i

only on dj, i.e., the first m entries of the j-th column [d*» of D are irrelevant. It follows

that the bounds of Theorem 1 are equivalent to corresponding bounds of ||k;|| in terms of
|ldj||. Thus the proof of Theorem 1 is reduced to establishing the following Proposition 3.

Proposition 3 For k; from (46), the following estimates hold:

>\.
bl for dy/dmar <222,
m

ksl <
! (2= Xj/Ams1)?

1
4\ /T= XAt

In the special case m =1 it holds

”dj” for Aj/)‘erl > 2\/5_2:

[A1]
el < T2||d1|| (48)

even for A\1/A2 > 2v/2 — 2.

In the following Subsection A.3 we give the proof of (48) for the special case m = 1.
Then, in Subsection A.4 we prove (47) in the special case n = 2m + 1, and finally, in
Subsection A.5 we show how the general case can be reduced to this special one, and thus
that (47) holds in general.

A.3 The Special Case m =1

For m = 1, D2 and pz defined in Proposition 1 both consist of one column only which
we denote by d and d, respectively. Then also W defined in Proposition 2 consists of one

column w only, which is a unit vector in the one-dimensional subspace spanned by d — d,
such that (up to sign) it must hold

_d-d
lld —d
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and . R
(d—d,Az2(d - d))
o=y =wihe = ———— (49)
lld —d||
Now (46) of Proposition 2 reduces to
- A A - A
k =k =d——22 (d—d) = g+ 2 4 (50)
Y2 — A1 Y2 — A1 Y2 — A1
We will show that ||k| < ||d|| by applying the following simple lemma.
Lemma 3 Ify € R" lies on the line through two points p1 and p2 with ||p2|| < |lp1]|,
y=(1—t)p1 +tp2 for somet € R,
then
lyll < llpall if and only if 0 <t < 2tmin,
Iyl < llp2ll if and only if 1<t < 2tmin — 1.
Here
P (P1,p1 — p2)
min — 72
llpr — p2|]
is such that
Ymin = (1 - tmin)pl + tmian
is the point on the line through p1 and p2 with minimal norm.
Proof Elementary analytical geometry. 0O
Proposition 3 (for the special case m = 1) In the case m =1 it holds
5 |>\1|
Ikl < lldll < == l4l. (51)

Proof We apply Lemma 3 with p; = d, p» = d, and y = k as given by (50). For d # 0 it
clearly holds ||d|| < M—;‘Hd” < ||d|| as required. We have to verify

V2
Y2 — A1

1<t=

< 2min — 1. (52)

Because 2 > A2 > A1, the first inequality is clear. For the second we will show that even

2 (d,d — d)
= —— < tmin = — = < 2t in — 1 53
yo — )\1 > tmin Hd — dH2 ( = min ) ( )

holds, which by elementary manipulations is equivalent to

o>y A=) 9)
(d,d —dy’
where we use (d,d —d) = 327 (1 — )d2>0and (dd dy=35"n %(1—%)d?>0,

where the d; are the components of d (d2,...,dn)T Wlth Y2 given by (49) we obtain the
following sequence of inequalities, all equivalent to (53):

(d,d — dy||d —d||? < 3 <d d, Ao (d — d))(d,d — d),
1
(d,d—d)? — (d,d — d)(d,d — d) < A—<A2d,d—d><é,d—é> —(d,d — d)(d,d — d),
1

(d,d — d)?

IN

1 A . N
<—A2d,d— d> d,d—d.
A1
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Here the last inequality can be written as

(B0-3)e) = (B 0-3)e) (25 0-3))

which holds by the Cauchy—Schwarz inequality. This proves (53) and establishes Proposi-
tion 3 form=1. O

A .4 The Special Case n =2m + 1

For n = 2m + 1 there exists a vector wg € R™ satisfying ||wo|| = 1 and W wg = 0, where
W e Rm+1)xm g given in Proposition 2. These conditions determine wg uniquely up to
sign. Augmenting matrix W by the column vector wq yields an orthogonal matrix, which
(for convenience) we denote by V7,

VT = [Wwo], VIV=VVT =1I,41.

VA VT = E,%%} (54)

y=WTAywy and o= ngzwo.

From WT AqW = I, it follows

with

~y; satisfy
)\m+1 S Ym+1 S )\m+2 S Ym+42 S o S )\2m S Y2m S )\2m+17 (55)

cf. [9, Theorem 4.3.8].
[9, Theorem 4.3.10] gives the converse of the statement (55): For a given sequence

Ym+1,---,Y2m of real numbers which satisfy (55) there exist essentially unique o € R and
y € R™ (o is unique while the components of y are unique up to sign) such that the
symmetric matrix on the right of (54) has eigenvalues A\p41, ..., A2m+1, i.€., such that (54)
holds after a diagonalization of the matrix. o and y = (Ym+1,.--,y2m)" are explicitly given
by
2m+1 2m
o = trace VAVT — trace Iy = Z Ai — Z Vi
i=m+1 j=m+41
H221+11('Yj *)\i) .
31]2-:7;7:%—7 j=m+1,...,2m. (56)
Hz‘:m+1 (’Yj - i)
i#£]
Let v; = le :| with z; € R™, i =m+1,...,2m + 1 be the columns of the matrix V. v; is
0i

an eigenvector of norm 1 of the matrix (54) corresponding to the eigenvalue \;, thus

In |y i |2 =Xidm| ¥y zi | _
([?J ”}_AJMH)vi{ Y o—Xi| |woi =0

Zi = 711)01‘(112 — )\ilm)_ly.

whence

The requirement [|v;]|? = wg; + [|2;]|?> = 1 gives

2m 2
’y.
1+ > —2 = wj =1,

s (i = 2)?
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which after inserting (56) leads to

2m
2 j:m+1(’7j - i) .
wg = — o —————  i=m+1,...,2m+ L (57)
B | AN VP V)]
JFi

Let dj, j = 1,...,m denote the columns of D2, and let cij = /\j/lgldj, j=1,...,m
denote the columns of Da, cf. Proposition 1. By definition of W, d; — &]- lies in the span of
W, so there exists an x; € R™ with (I41 — )\]-Agl)dj =d; — cz]- = Wgzj, or

dj = Ao(Ag = NjIpmy1) " Waj, j=1,...,m.
Similarly,
kj = dj = XW(I2 = XjIm) "W (d — dj)
= NjAy M Ao (Ag — NjImgr) T Way — MW (I — ANjIn) "W Wy
=X (A2 = ML) TP =W = AjLn) W Wey, j=1,...,m.
With
Aj = (A2 = NjImy1) = W — N\ In) W7, (58)
B; =A2(A27)\j1m+1)71, j=1...,m (59)

we have d; = BjWx; and kj = A\jA;Wax;, therefore

|A; Wz
kil < |\ d; 60
Il < gl ma I (60)
1Ayl
= |)j] max L=yl (61)
ye{Wz:zeR™}\{0} HB]:L/H
Ajy .
< Dyl max VA gy (62)
y#0 || Bjyl|

We rely for our further analysis on the latter estimate (62) which is based on the matrices
Aj; and Bj, since these are easier to handle than the matrices A;W and B;W on which the
sharper estimate (60) is based. It turns out that A; has a very simple structure: As

WT(A2 — )\j[m+1)Aj =wT - WT(A2 — )\jIm+1)W(F2 — )\j[m)ile
=WT — (Io = NjIm) (T2 — AjI) ' WT
=0,

the range of (A2 — AjImy1)A;(A2 — A\jIpm41) is orthogonal to W and thus must be equal
to the span of wo. It follows that (A2 — XjIm+y1)A;(A2 — AjLny1) is a symmetric rank-one
matrix of the form ajwowg, and thus A; itself is a symmetric rank-one matrix of the form
Aj = ajaja? with aj = (A2 — )\j[m+1)71wO.
Using W7 wg = 0 we obtain from (58)
ngjwo = wg(AQ — )\j]erl)_lwo.
On the other hand,
wOTAjwo = ocngaja?wo = ajon(Az — )\jlm+1)71wowg(/12 — >\jIm+1)71wO

whence

2m—+1 2
1 wg;
;= T(Ay — M1 )1 :1/ Z )\.,Z)\.'
wWq 2 jim+1 wo i=mg1 Vi
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Inserting (57) this yields
[0 i =)
H?:m+1(’Yi =)

The maximum value of the bound (62) is equal to the square root of the largest eigenvalue
)\ of the generalized eigenvalue problem

aj = j=1...,m.

2 _ 2
Ajx = ABjz,
or, equivalently, of the standard eigenvalue problem
By 'AZB e = Az, (63)
whose matrix is again a symmetric rank-one matrix
—142p-1 2 2; T . -1 -1
B AJB = ajlla;||bb;  with b = B a; = Ay wo.

Now it is easily seen that b; is an eigenvector of (63) corresponding to the eigenvalue
a?||aj||2||bj||2, which finally implies

A.
ksl < A ma 122800
y#0 || Byl

= [NjlagllallbslId; i
= [Njlag (A2 = Xj 1)~ woll| A5 Mwolllldy |

< Ay max Frmats - 72ms Aji Amats - Aema1)lld ]l (64)
(Ym+1s072m)EK

Here K = K(Am+1,-- -, A2m+1) denotes the rectangle

K = {(Ym+1,---,72m) ER™:
Amt1 < Ymt1 < Amg2 <ymt2 << dom < vom < Aoy}

and the function f(Vm41,.-.,72m) = f(Ym+1,--,72mi Aj; Am41, .-+, A2m41) is defined as

Frm+1, - 572m) = F(¥ma1s -« -5 ¥2m5 Ajs Amt1s -+, A2mt1)
2 — 2 —1 2
= a3 [[(Az2 = XjLnt1) " Fwo 2|47 two |

. H?;nnrj_l()‘l - >‘]')2 2mAl 1 legm+1('7l - /\i)
szfmﬂ(’n - )‘j)Q i=m4+1 ()‘i - )‘j)2 Hzlzgz—il ()‘l - )\i)

szﬂ 1 | SR CTIEP W)
A7 H%Zﬁ_}fl M=)

I#i

(65)
i=m+1

Finally, by applying Lemma 4 below, Proposition 3 for the special case n = 2m + 1 follows
from (64).

Lemma 4 Let 0 < A\ < -+ < A1 and w < A1 be given. Let K = K(A1,...,Am+1) C
R™ denote the rectangle

K={(,---;m) €R": M <11 <A <7< <An <9m < Amt}, (66)
and let f: K — R be the function given by

fA(’Yl?’"7’YW)fB(’Yl7'-'7’Ym)
) = i 67
FrLs - ym) fe(n, . ym)? ©0
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where

LA T § L CTE PN

fa(yi,--svm) = p— ; (68)
" ; i —@)2 TITH Oy — )
G
m+1 m
1 I (v — )
BV, s vm) = S, (69)
i=1 )‘12 Hj:lel(’\j - /\i)
i
m
(i —w)
fon,ym) = SET—. (70)
[T (O —w)
Then it holds
1
)\—% for w/A1 < 2v2 -2,
max for,ooomm) < 71
(115 Ym)EK ( ) 1 (2—w/A1)* (7

for w/A1 >2v2 - 2.

16w? 1 —w/A\;

Proof First, note that from w < A1 <71 < A2 <72 <+ < A < vm < A1 it follows
easily
f(y,-.oyym) >0 for (y1,...,vm) € K. (72)
Next, we show that if m > 2, then f has no local maximum in the interior of K. The
factor [T (w — ;) = (=1)™ []Z(v; — w) occurring in fc can be written as

m
[[w=m) =™ —s10™ 4 s20™ 2 — oo (=1) ™5,
J=1
where s; are the elementary symmetric polynomials in the variables v1,...,vYm,

S1 =71+ Tm,

S22 =7Y2+7MY3+ o+ Ym—1Ym = Z YiVj»
1<i<j<m
s3= > Ve
1<i<j<k<m

Sm = Y172 Ym-

It follows that fo is a linear function of s1,..., Sm,
_ m
fen,om) = folsi. o sm) = co+ D ¢5s; (73)
j=1
with coefficients ¢; depending on w and A1, ..., Apy41. Similarly by expanding
m
TTw =) = A =A™ 5o A = (< 1) s, i=1,.,mt 1
j=1
it follows that also f4 and fp are linear functions of si, ..., sm,
~ m ~ m
fA(517-~-75m):a0+Zaj5j7 fB(S1,...,sm)=b0+ij8j, (74)
j=1 j=1
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where the coefficients a;, b; again depend on w and A1, ..., Ay y1. In summary, the variable
transformation

F: (vi,.-c,vm) = (1,4 8m)
gives f(y1,-..,7Ym) in the form

7 fA(Slz"'vs )fB(Sla"'7S )
f(’Yly-n:’Ym)=f(81,~~-78m)= = i 2 m7
fC(517-~~73m)
where each of fa, fg, fc is a linear function of si,...,sm, cf. (74), (73). The Jacobian
determinant of F' is given by
det DF(y1,..,vm) = [  (vi—)
1<i<j<m

(cf. [14]), which vanishes if and only if 7; = vj41 = Aj41 for some 1 < j < m — 1,
i.e., on the boundary of K. It follows that det DF(y1,...,7vm) # 0 for (y1,...,vm) in the
interior of K. Thus a local maximum (v«1,...,7«m) of f in the interior of K would be
a critical point (s«1,...,8xm) = F(7«1,...,7+m) of f. Lemma 5 below would thus imply
F(vsty ooy vem) = f(S«1,- ., 8%m) = 0, which cannot hold for a local maximum of f in the
interior of K, since f is nonnegative there, cf. (72). This shows that f has no local maximum
in the interior of K and thus the maximum of f is attained at the boundary of K.

To find the maximum of f on K, we have to examine f on the boundary of K, so let
us assume that v, = Ag, holds for some 1 < k < m and k« = k or k« = k + 1. Then, due
to [T/, (v; — Ak,) = 0, it follows from (68)—(70)

mt1 1 e A H%i (75 = i)
faly, - svm) = * . ; 75)
" ; N —w)? X, =X TT™HL (O =) (
2V T LR
m
m41 T (v — i)
1oy — A £k
fB(’Yl:"'v'Y ): 32 5 ) (76)
WL R AT, 0y
iE N, ‘T’ JAEGE R
[T7%=1 (vi —w)
T — W ik
foly, - sym) = - (77)

Ao, —w I O —w)
—_———
=1

Thus, if the value v, = A, is fixed, then ~; and \g, no longer appear in (75)—(77), and
after renumbering v;41 — v;, j =k, ..., m — 1 and similarly A\j 1 — X;, j = k«,...,m we
obtain the formulae corresponding to (67)—(70) for the m — 1 variables 71, ...,vm—1 instead
of m. Note that after removing 7, A\r, and renumbering the remaining variables as stated,
the constraints
w< A< <A< S Ano1 S Ym-1 S Am
remain valid. Furthermore, the bound (71) is monotonically decreasing with respect to Ap.
Therefore a bound of the form (71) with the original (instead of the possibly renumbered)
A1 for f(v1,...,¥m—1) is also a bound for f(y1,...,7m). This reduction m — m — 1 of the
problem by the above argument can be repeated as long as m > 2, and it follows that if
(71) holds in the special case m = 1, then it holds for all m > 1.
It remains to prove (71) in the special case m = 1. Thus,

_ (M2 — (A1 + A2)71) (A2 — w? + (2w — A1 — A2)m1)
A%A%(—w—i—’yl)Q

f(r)

The maximum of f(y1) for v1 € [A1, A2] is either attained at the boundary where it holds

1 1 1
2w  f)=13
1 1

78
753 (78)

fa) =
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or the maximum is attained at a critical point v.«1 € (A1, A2). Solving ﬁfﬁl) = 0 yields
a unique critical point

_ 2(A1 4+ A2)2 + w3 (A1 4 A2) — 2w A2 (A1 + A2)
2)\1)\2(}\1 =+ )\2) -+ 3w2()\1 -+ )\2) — 20.)()\1 -+ )\2)2 — 2wWA1 A2 ’

Y1

where f has the value

f( ) o w2(2)\1/\2 — w(/\]_ + /\2))2
T T IZ (0 — w) (g — @)@ + A2) — Aiha)

Let us consider the case that v.1 € (A1,A2) and that the maximal value of f(v1) for
v1 € [A1,A2] is given by f(v«1). (Otherwise the maximum would be attained at y1 = A1 or
v1 = A2 and (78) would apply.) We regard the expression for f(v«1) as a (rational) function
of Aa,

w2(2>\1>\2 —w(A + /\2))2
4)\%)\%(/\1 —w) (A2 —w) (WA + A2) — A1d2)’

and want to find the maximum of g(A2) for A2 € [y«1,00). The existence of this maximum
follows from limy, o0 g(A2) = 0 and the fact that g has no poles in [y«1,00). Note that
w(A1 + A2) # A1 A2 because otherwise 741 = w contradicting our assumption w < A1 < Y«1.
The maximum has to be attained either at the boundary A2 = 741, where it holds g(y«1) =
f(A2) = 1/A2, or at one of the critical points of g, i.e., at one of the zeros of

g(x2) =

w2(2)\1)\2 —w(A1 4+ A2))(2A1 A2 — w(2A1 + )\2))(2)\1)\3 + w2()\1 4+ A2) — 2wA2 (A1 + A2))
4)\%)\%()\1 —w)(A2 —w)Z2(A1 A2 — w(A1 + A2))2

d
L an) =
d>\29( 2)

If the critical point A2 is a zero of the factor (2A1 /\g + wz()q + A2) — 2wA2 (A1 + A2)) of the
numerator of & g(A2), then it is also a zero of

_ (/\2 — w)(2)\1)\§ +w2()\1 + )\2) — 2w)\2()\1 + )\2))
T 2X1A2(A1 4 A2) + 3w (A1 + A) — 2w(A1 + X2)2 — 2wAi Ao’

Vil — A2

so that Ag = 7,41 and thus g(A2) = g(7+1) = f(A2) = 1/A3. If on the other hand A2 is a
zero of the factor (2A1A2 — w(A1 + A2)), then g(A2) = 0 which is not the maximum of g
on [y«1,00). It remains to discuss the case that the critical point A2 is a zero of the factor
(22122 — w(2A1 4+ A2)). In this case it follows

2wA1 I Ca-—w?t 1 2-w/A)?

Ao = M Gith g(he) = — -
2= e 9 = e e i — ) 1667 1—w/h

which is a possible candidate for the maximum of g on [y41, 00). Summarizing, we have thus
proven

IN

ma;
76[/\1f(/\2] f»

max{rll,f(’Y*l)}

IN

1
— A
A SN L D)
{ 1 1 (2—w/M)? }
maxq —, —_—
A1 16w?2 1 —w/A

1
2z for w/A1 < 2v2 -2,
= 1 (Q—w/Al)‘]i

16w?2 1 —w/A\

for w/A1 > 2V2 — 2,

which is the proposition of the lemma in the special case m = 1. As shown before, the cases
2 < m < 2n + 1 follow from this result. O
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Lemma 5 Consider a function f: 2 CR™ — R, m > 2 of the form

fa Tm) = (a0 + @121 + - + am@m)(bo + b1z1 + - - + bmam)
yeres Tm (CO+C111+"'+szm)2 ,

where aj,bj,c; ER, j=0,...,m anda%+---+a3n #0, b%Jr---er%qb #0, c%+---+c%qb #0,
and where 2 C R™ denotes an open domain in which co + c121 + -+ + cmTm # 0. Let

(Zx1, ..., Txm) € 2 be a critical point of f, i.e.,
0 .
8_f(a:1,...,xm) =0, 2=1,...,m.
Ti (1,0 sTm )= (Tw1s- s Tam)

Then it holds
f(@s1y. ., Tam) = 0. (79)

Proof We first prove the lemma in the special case m = 2 and then show that the general

a@ bl] #£0 and

case is a direct consequence. Let m = 2. We consider the two cases (i) det [a b
2 b2

.. ay by
(ii) det [a2 bz] =0

In the case (i) we apply the variable transformation (z1,x2) — (u1,u2) = (ap + a1z1 +
asxa,bg + b1z + bgzg) whose Jacobian determinant is a constant # 0. Thereby f is trans-
planted to a function f of the form

rs uU1uU2 2 o
U1, u2) = = p , ¢+ #0,
flut,u2) o T Fru1 + Gaua)? 1+&#
whose derivatives are given by
if(ul ug) = u2(éo — ¢rur + Gau2) i};(ul uz) = w1 (o + E1u1 — Gauz)
Our 7 (Go +Erun + G2u2) " Oug ' (Go + E1u1 + Gauz)3

A straightforward calculation shows that the only solution (ui,u2) of

uz(&o — C1u1 + Gau2) =0,
w1 (G + Grur — éau2) =0, (80)
éo + Gruy + Gauz #0

is given by (u1,u2) = (0,0) provided that &y # 0. If &g = 0 then (80) has no solution. Since

a critical point (x41,x+2) € §2 of f is transformed into a critical point (w1, ux2) of f, ie.,
to a solution of (80), it follows that (z1,2+2) maps to (u1,us2) = (0,0) and thus

f(x*1,$*2) = f(u*17u*2) = f(ov 0) =0.

In the case (ii) there exists a variable transformation (z1,z2) + (u1,u2) with constant
Jacobian determinant # 0 such that f is transplanted to a function f of the form

= UI(EO + 51u1)
U, U2) = — - - ,
fluz,uz) (o + Cr1u1 + Cau2)?

bi #£0, & +& #0.

The derivatives of f are now given by

bo(Go — E1ul + Eauz) + 2byu1 (Go + Eaus)

Tmf(mﬂﬂ - (o + ¢1u1 + Couz)3 ’
a —92&ou1 (bo + brul
— f(u1,u2) = caua(bo + bru )3

Ousz (Go + ¢ru1 + éau2)
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A straightforward calculation shows that

bo(¢o — E1uy + Gaug) + 251U1(§0 + &au2) =0,
éaui(bo + biui) =0, (81)
Co + ¢1uy + Gauz # 0

has no solution so that in the case (ii) f does not have a critical point in 2.
For the general case m > 2 write

_ (Ao(zs,...,zm) +a1x1 + aaw2)(Bo (23, - . ., @m) + bix1 + baxa)
(Co(z3y ... ,xm) + c1z1 + c2x2)? ’

f(xlz-“ywm)

where Ag(z3,...,2m) = ao + a3z3 + -+ + amTm and Bp,Cp are defined analogously. If
(Zx1,...,T+m) € 2 is a critical point of f then (x.1,x«2) is a critical point of g defined by

(Axo + a121 + a222)(Bxo + biz1 + bax2)
(Cyo + c11 + c2x2)?

g(x1,22) = f(21,22, 243, ..., Tam) = ,  (82)

where Axo = Ao(z«3,...,Z+«m) and Byo, Cxo are defined similarly. By applying the special
case m = 2 of the lemma to (82) it follows g(x«1,2+«2) = 0 and thus (79), i.e., that the
lemma holds in the general case m > 2 as well. O

A.5 The General Case

Let arbitrary m > 1 and n > 2m + 1 be given. If n = 2m + 1 then Proposition 3 holds, this
was proven in Subsection A.4. So let us assume n > 2m 4+ 2. For given Dy € R("=m)Xm and
fixed j we apply Proposition 2 and obtain W € R(n=m)Xm and 3, = diag(VYm—+1,---,v2m),
such that

kj=dj = XW (2 = XjIn) "' WT(dj — dj) (83)

holds, where d; denotes the j-th column of Do, dj = )\j/lglcij, and k; is the unique solution
of the equation (the j-th column of the Sylvester equation (22))

PAQk’j — /\jkj + )\j(Infm — P)dj =0 (84)

with P = WWT. § ) o
Let i = n+ 1, m = m + 1. We form the matrix Dy = [Dy dm] € R(A=MIX™ by

augmenting Do with some suitable column vector d;z € R® ™™ yet to be chosen. We choose

A € (Am, Ama1) arbitrarily and define A; = diag(\1, ..., Am, Am) and Dy = A;lﬁg/h. If

we apply Proposition 2 with n, m, Dg,‘lA)g respectively replaced by 7, m, bg, Dy (but with
Ag left unchanged) we obtain W € R(*=™)X™ and Iy = diag(Fm1, - - -, J2m ) such that

kj=dj — MW (I = X 1n) " W (dy — dy) (85)
holds, where now l~c]- is the unique solution of the equation
ﬁAQZ)j - )\j;)]' + )\j([ﬁ,ﬁl - ﬁ)d] =0 (86)

with P = WW?7. Note that here d;, ch, and \; are still the same as in (83), (84).

Our goal is to choose the vector dm € R"™™™ in such a way that it holds I%j = kj. If we
assume that this is always possible and that it has already been proved that Proposition 3,
eq. (47) is valid for n, m replaced by 7, m, respectively, then due to k;j = l~9j the estimate
(47) is valid for the particular k; from (83), i.e. in this particular case also for the original
values of n and m. (Note that Ay,+1 occurring in (47) denotes the smallest eigenvalue of A
which remains unchanged in the transition n — 7, m — m.) The argument above applies
to any Do € R(»=")Xm and index j and associated kj. Therefore, if (47) holds for n, m
replaced by 71, m, respectively, then (47) holds also for the original values of n, m in general.



29

It is clear that this argument can be iterated. After £ = n — 2m — 1 > 1 iterations we
arrive at n — . =n—+£, m — m =m+L with 2 = n+ (n—2m—1) = 2(m+(n—2m—1)) +
1= 2R 41, i.e., at the special case for which Proposition 3 has already been established,
cf. Subsection A.4. Going backwards (7:7, —n, m— m) it follows that Proposition 3 is valid
for our originally chosen values of m > 1 and n > 2m + 2.

It remains to prove that the vector dys € R™"="™ can always be chosen in such a way
that it holds k = k, that is, such that k; is the solution of equation (86), which depends on

dy7, via P. We compute (cf. the proof of Proposition 2)
Phoky = Ajkj = (PAa = X In—m) (dj = W (T2 = X\ Tn) W (d; — dj)
= NjPdj — Njdj — NiWWT AW (I — N 1) " WT(d; — dj)
FXEW (I = N jI) W (dj — dj), (87)
from which it follows that k; is the solution of (86) if
WWT AW (o — MjLn) W (dj — dj) = MW (T2 — A\jLn) 2 WT(d; — dj).
Recalling that this equation holds with 1474 replaced by W, k; solves (86) also when
(P — PYAsW (I — A jIn) WP (d; — dj) =0, (88)

where P = I/VWTA7 P = WVT/I: Note that P is the projection of R"™™ onto the space
spanned by Do — D2, whereas P is the projection of R™~™ = R™ ™™ onto the larger space

spanned by Dy — Dy = [Da — Dy dy — dy]. If follows that for (88) to hold, we have
to choose d;7 in such a way that d — d, = (In—m — 5\771/12_1)&% is orthogonal both to

AW (I — \jIn) " *WT(d; — CZJ) and to the space spanned by Do — Da, which clearly can
be realized because

(dimension of the space spanned by Do — ﬁg) +l=m+1l<n-m

if n > 2m + 2.
This completes the proof of Proposition 3 and thus also of Theorem 1.
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